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moments, by the parallelogram law, the new forces being supposed to act parallel to their former directions.
When the arms are parallel we resolve or compound lengths, measured along the directions of the forces and proportional to the astatic moments, by the parallelogram law, the new arms being parallel to their former directions.
7. There is one resolution of a couple which will be found useful afterwards.
Let Ox, Oy, Oz be any set of Cartesian axes, not necessarily rectangular. Let (#, y, z) be the coordinates of any point D, and let OD = r. Then a couple whose astatic arm is r and forces + P may be resolved into three other couples whose astatic arms are situated in the axes of coordinates and whose lengths are equal to x> y, z. The forces of these couples are parallel to that of the original couple and their astatic moments are Px, Py} Pz.
Let us now take any three points A, B, G on the axes and let OA = a, OB = b, 00 =c. These three couples may be replaced by three others having OA, OB, 00 for their astatic arms. It follows that any force P acting at any point D may be replaced by four parallel forces acting at any four points A, B, 0 and 0 whose magnitudes are respectively equal to Pas/a, Py/b, PZ\G and P(l-aela-y/b-*/c).
Conversely, since these four parallel forces may be compounded into a single force equal to their sum and acting at the centre of gravity of A, B, G, 0, it is evident that they are equivalent to the force P acting at the point (x, y, z). See Vol. I., Art. 80.
8. Two couples cannot be astatically compounded together into a single resultant couple unless either the four forces are parallel or the two astatic arms are parallel.
If possible let three couples be in astatic equilibrium. Transfer these parallel to themselves so that one force of each couple acts at the point 0. Let OA, OB, OC be the astatic arms, let OP, OQ, OR be the directions of the forces. Then as the body is displaced, OA, OB, OC are fixed in the body, OP, OQ, OE are fixed in space.
If the four forces of any two of the three couples are parallel, the forces of their resultant couple are also parallel to them, by Art. 4. Thus equilibrium could not exisib unless all the six forces were parallel to each other. In what follows, we may therefore suppose that no two of the three lines OP, OQ, OR are coincident. In the same way no two of the three arms OA, OB, OC are coincident.
Place the body so that 0(7, OE are in one straight line. Since in this position the couples (P, 0^4), (Q, OB) are in equilibrium, the planes POA, QOB coincide. Thus OA, OB lie in the plane POQ and continue to lie in that plane as the body is turned round OC. It follows that the axis OC must be perpendicular to this plane and therefore to both OA and OB. Similarly OA is perpendicular to both OB and 00.